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TOTAL DIFFERENTIABILITY. A CORRECTION. 

By E. J. Townsend. 

In my paper on Total Differentiability in the September number of 
the Annals the theorem is incorrect as stated. The boundedness condi- 
tion should be placed on the second derivative with respect to x or to y 
and not on the first. However, one may replace this boundedness condi- 
tion by the more restricted condition of the uniform convergence of either 
of the difference quotients 

/(g + Ax, y) - /(go, y) f(x, y + Ay) - f(x, y ) 

Ax ' Ay 

If we assume the uniform convergence of the first of these difference 
quotients, the theorem may be stated as follows: 

Theorem. Given a function f{x, y) having at the point (x , yd) the 
partial derivatives f x ', /„'; then f{x, y) is totally differentiable at (x , yo) 
if fx' is continuous in y at (x 0) yo) and in the neighborhood of this point the 
difference quotient 

fjxo + Ax, y) - /(go, y) 
Ax 
converges uniformly as to Ax. 
We have the identity 

f(x + Ax, y + Ay) - f(x , y ) f(x + Ax, y + Ay) - f(x , y + Ay) 
' ' "~ A(x, y) ' A{x,y) 

/(go, yo + Ay) - /(gp, yp) _ 

A(g, y) ~ U ' 



(a) 



(1) 



where A (a;, y) = V(Aa;) 2 + (Ay) 2 . Since the partial derivative f v '(xo, yo) 
exists, we may write 

f(x , yo + Ay) - f(x 0) yp) 



Ay fv'{xo,yo) 



<€, 



or 

\f(xo, 2/o + Ay) - f(x , yo) - Ayf v '(x , y )\<e\Ay\, \Ay\<Si. (2) 

From the convergence of (a) it follows that fj exists for all values of y in 
the neighborhood of (x , yo) and by hypothesis it is continuous in y at 
this point. We then have 

\U(xo, yo + Ay) - f x '(x , yo) | < |, | Ay | < 8 2 . (3) 
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From the uniform convergence of the difference quotient (a) as to Ax 
for all values of y in the neighborhood of (x , y<>), we have 



/(so + Ax, j/o + Ay) - /(go, a/o + Ay) 
^ /* {Xo, Vo + Ay) 



<5 ' (4) 



| Ax | < X, | Ay | < S 3 , 

where X is independent of the choice of Ay so long as Ay is less than 8 3 
in absolute value. Combining the inequalities (3) and (4) we have 

/(x + Ax, y + Ay) - f(x , y + Ay) 



Ax ~ /»'(«o, Vo) 



< *, 



| Ax | < X, | Ay | < 5 4 , 
where 5 4 is the smaller of the two numbers 5 2 , 5 3 . We then have 

|/(x + Ax, y + Ay) - f(x , y + Ay) - Ax/ X '(x , y )\ <e-\Ax\, 

(5) 
I Ax I < X, I Ay I < 5 4 . 

Making use of (2) and (5) we have from (1) for \Ax\ < X, |Ay| < 5, 
3 being the smaller of the two numbers 5i and 8 4 , 

f(x + Ax, y + Ay) - f(x , y ) - Axf x '(x , y ) - Ayf v '(x , y ) 

A(x, y) 

\Ax\ + \Ay\ ^ 

A(x, y) 

Hence the first member of this inequality has the limit zero as Ax, Ay 
approach zero simultaneously, and /(x, y) is totally differentiable at 
(x , yo) as the theorem states. 

A corresponding statement of the theorem may be made involving 
the continuity of the partial derivative /„' with respect x at the point 
(x , yo) and the uniform convergence of the difference quotient 

f{x, y + Ay) - f{x, y ) 
Ay 

in the neighborhood of that point. In the theorem one may replace 
the continuity of fj with respect to y by the continuity of the given 
function fix, y) with respect to y for all values of x in the neighbor- 
hood (x , yo), since then by virtue of the uniform convergence of the 
difference quotient (a) the partial derivative fj is continuous in y at 
(x , y ) • It follows from this theorem that fix, y) is totally differentiable 
at any point (x , yo) of a given region R iifj, f v ' exist, are continuous in x 
alone and in y alone and either converges uniformly to its values in the 
neighborhood of that point. 



